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Abstract. The paper [9] gives a construction of the total descendent potential 
corresponding to a semisimple Frobenius manifold. In [10], it is proved that 
the total descendent potential corresponding to K. Saito's Frobenius structure 
on the parameter space of the miniversal deformation of the A n —i -singularity 
satisfies the modulo- ri reduction of the KP-hierarchy. In this paper, we identify 
the hierarchy satisfied by the total descendent potential of a simple singularity 
of the A, D, E-type. Our description of the hierarchy is parallel to the vertex 
operator construction of Kac - Wakimoto [15] except that we give both some 
general integral formulas and explicit numerical values for certain coefficients 
which in the Kac - Wakimoto theory are studied on a case-by-case basis and 
remain, generally speaking, unknown. 



1. The ADE-hierarchies. The KdV-hierarchy of integrable systems can be 
placed under the name A\ into the list of more general integrable hierarchies corre- 
sponding to the ADE Dynkin diagrams. These hierarchies are usually constructed 
[14] using representation theory of the corresponding loop groups. V. Kac and M. 
Wakimoto [15] describe the hierarchies even more explicitly in the form of the so 
called Hirota quadratic equations expressed in terms of suitable vertex operators. 

One of the goals of the present paper is to show how the vertex operator de- 
scription of the Hirota quadratic equations (certainly the same ones, even though 
we don't quite prove this) emerges from the theory of vanishing cycles associated 
with the ADE singularities. 

Let / be a weighted-homogeneous polynomial in C 3 with a simple critical point at 
the origin. According to V. Arnold [1] simple singularities of holomorphic functions 
are classified by simply-laced Dynkin diagrams: 



N+l 2 2 

A N ,N>1: f = ^±— + ^ + ^, D N ,N>4: f = x\x 2 -x^ 



<<3' 



E 6 : f = x\+x\ + x%, E 7 : f = xf + x x x% + x\, E s : f = x\ + x\+x\. 

Let H = C[x±, X2, x^]/(f Xl , f X2 , f X3 ) denote the local algebra of the critical point. 
We equip H with a non-degenerate symmetric bilinear form (•,■) by picking a 
weighted - homogeneous holomorphic volume w = dx\ A dx 2 A dx% and using the 
residue pairing: 

if, W := Res y . 

Let H — be the space of Laurent series f (z) = X^fepz ^ kZ,k m one ^deter- 

minate z~ x (i.e. finite in the direction of positive fc) with vector coefficients ffe G H. 
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We endow TL with the symplectic form 

" (f ' g) == ^ «(*))<**• 

The polarization H = H+ ® 7Y_ where H+ = H[z] and 7Y_ = [[z -1 ]] is 

Lagrangian and identifies H with the cotangent bundle space T*H+. The Hirota 
quadratic equations are imposed on asymptotical functions of q = q + qiz + q 2 z 2 + 
... G 7Y+. By an asymptotical function we mean an expression of the form 

oo 

$ = cxp^^- 1 ^)(q) 

3=0 

where usually T^ 1 will be formal functions on 7i + . By definition, vertex operators 
are elements of the Heisenberg group acting on such functions. Given a sum f = 
J2^kZ k (possibly infinite in both directions) one defines the corresponding vertex 
operator of the form 

e n ( f_,«o/VR e VR* + = exp{£(-l) fc+1 £/V fc <£/V^} cxp{Vft£ £ f£d/dq a k }. 

k>0 a k>0 a 

Here are components of the vectors fk,<lk in an orthonormal basis. We will 

make use of the vertex operators r^(A) corresponding to 2-dimensional homology 
classes <j> G fl2(/ _1 (l)) — ^ N and defined as follows. Take 

f:=£lf (A)(-.) fe where dl^/d\ = lf +1 \ 

fcez 

and l[ (A) G i? is the following period vector: 



The cycle </> is transported from the level surface to / _1 (A), and ^> are 

weighted-homogeneous functions representing a basis in the local algebra H . 1 The 
functions (1^ , [ip a ] ) are proportional to the fractional powers 

X m a /h-k-i where h 

is the Coxeter number and m a = 1 + h deg tl> a are the exponents of the appropriate 
reflection group An, I? at or En- 

The lattice H 2 (f~ 1 {l)) carries the action of the monodromy group (defined via 
morsification of the function /) which is the reflection group with respect to the 
intersection form of cycles. The form is negative definite, and we will denote (•, •) 
the positive definite form opposite to it. Let A denote the set of vanishing cycles, 
i.e. the set of classes a G H 2 (Vi) with (a, a) = 2 such that the reflections <p l— * 
4> — (a, 4>)a belong to the monodromy group. The Hirota quadratic equation of the 
ADE-type takes on the form 



(1) Res A =oo y 



J2a a r tt (A)®r^ Q (A) 



.aeA 

( 2 ) EE(T i + fc )^ a ® 1 - 1 ®& Q )(7Sr^ 1 - 1 ^^) (*®*)- 

fe>0 a n ° q k °% 



*As it follows, for instance, from [11], the integral on the R.H.S. depends only on the class 

[Va] £ H. 
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The tensor product sign means that the functions depend on two copies q' and 
q" of the variable q, and the objects on the left of ® refer to q = q' while those 
on the right — to q = q". The equation can be interpreted as follows. Put 
q' = x + y, q" = x — y. and expand (1,2) as a power series in y. Namely, rewrite 
the vertex operators: 

r«(A) ® r-«(A) = cxp{]T 2(-i) fe+1 .r 1 _ fe /r 1 /^ } exp {£ f^ 2 d vt } 

where the coefficients f% (respectively fl 1 _ k ) are proportional to negative (re- 
spectively positive) fractional powers of A. The residue sum (which should be 
understood here as the coefficient at A ) can therefore be written as a power series 
^y m P m (<9 y ) in y with coefficients P m which are differential polynomials. Also, 
$ ® <!> = $(x + y)$(x — y) can be expanded into the Taylor power series in y with 
coefficients being quadratic expressions in partial derivatives of $(x). Finally (2) 
assumes the form 2^] afc (m a /h + k)y%d y °. Equating coefficients in (1,2) at the 
same monomials y m we obtain a hierarchy of quadratic relations between partial 
derivatives of $(x). 

In particular, the equation corresponding to y° shows that 



(3) J> 



N(h + l) 



12h 

is a necessary condition for consistency of the hierarchy (i.e. for existence of a 
non-zero solution $). 

According to C. Hertling (see the last chapter in [13]) for any weighted - ho- 
mogeneous singularity the expressions N(h + l)/(12/i) and h~ 2 J2 a m a (h — m a )/2 
coincide. Therefore the operator on the R.H.S. of the Hirota equation is twice the 
Virasoro operator 2. 



E, "'a 

a.k 



The coefficients a a actually depend only on the orbit of the vanishing cycle 
a under the action of the classical monodromy operator defined by transporting 
the cycles in / _1 (A) around A = and acting as one of the Coxeter elements in 
the reflection group. In fact the root system A consists of TV such orbits with h 
elements each. Summing the vertex operators within the same orbit acts as taking 
the average over all h branches of the function A 1 /' 1 . Thus the total sum does not 
contain fractional powers of A when expanded near A = oo. 

The exact values of the coefficients a a can be described as follows. To a vector 
(3 E H 2 (,f~ 1 (l), C) ~ C^, associate the meromorphic 1-form on C N 

Let w be an element of the reflection group and a and (3 — wa be two roots. Then 



(4) W/j:=-^£</?,7> 



/■ W 1 K 

(5) ai3 /a a =cxp W«=n^'7> <Q 



7 ) 2 /2-{/3,7>72 

7GA 



2 In a sense it corresponds to the vector field \d\ in the Lie algebra of vector fields on the line 
see Section 7 for further information about this. 
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where k G C denotes an eigenvector of the classical monodromy operator M with 
the eigenvalue exp(2m/h). The R.H.S. does not depend on the path connecting 
k with w~ 1 k since W a is closed with logarithmic poles on some mirrors and with 
periods which are integer multiples of 2iri. It does not depend on the normalization 
of k since W a is homogeneous of degree 0. Also, the identity (see i.g. [5], Section 
V.6.2) 

Y,{l,x) 2 = 2h (x,x) 

implies that iyj Xa d/dx a Wa = — 2ft and shows that J M K W a = hr 1 J^ 1 K W a = 
—Airi so that aua — a a as expected. While the ratios of a a are determined by (5), 
the normalization of a a is found from (3) which says that the average value of a a 
is (h + l)/12/i 2 . Later we give two other description of the coefficients QjQi clS 
certain limits and as explicit case-by-case values. 

Conjecture. The Hirota quadratic equation (1 — 5) coincides (up to certain 
rescaling of the variables q%) with the corresponding ADE-hierarchy of Kac - Waki- 
moto [15]. 

In Section 8 we confirm this conjecture in the cases Am, and E e . 

2. The total descendent potential. The second goal of this paper is to gener- 
alize to the ADE-singularities the result of [10] that the total descendent potential 
associated to the A„_i-singularity in the axiomatic theory of topological gravity is 
a tau-function of the nKdV (or G elf and- Dickey) hierarchy. 

According to E. Witten's conjecture [19] proved by M. Kontsevich [16], the 
following generating function for intersection indices on the Deligne - Mumford 
spaces satisfies the equation of the KdV-hierarchy: 3 

(6) V Al = exp£ — r /_ IJ(^ + E W# )• 

g,m J M g , m j=1 fc=0 

In the axiomatic theory, the total descendent potential is, by definition, an 
asymptotical function of the form 

D = exp^V- 1 jr(s)( q ) 

where T^ 9 " 1 are formal functions on H+ near the point q = — Iz. (Here 1 is the 
unit element in the local algebra H.) This convention called the dilaton shift is 
already explicitly present in (6). The formal functions called the genus g 

descendent potentials are supposed to satisfy certain axioms dictated by Gromov- 
Witten theory. The axioms (while not entirely known) are to include the so called 
string equation (SE), dilaton equation (DE), topological recursion relations (TRR 
or 3g — 2-jet property) and Virasoro constraints. 

According to [12], the genus-0 axioms SE+DE+TRR for are equivalent to 
the following geometrical property (*) of the Lagrangian submanifold C C H = 
T*H+ defined as the graph of dJ 7 ^: 

(*) C is a Lagrangian cone with the vertex at the origin and such that tangent 
spaces L to C are tangent to C exactly along zL. 

3 Here tfn is the 1-st Chern class of the line bundle over M g .m formed by the cotangent lines 
to the curves at the i-th marked points. 
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In other words, the cone C is swept by the family r G H i— » zL T of isotropic 
subspaces which form a variation of semi-infinite Hodge structures in the sense of 
S. Barannikov [3]. According to his results, this defines a Frobenius structure on 
the space of parameters r. 

In the case of ADE-singularities (and, more generally, finite reflection groups) 
the Frobenius structures have been constructed by K. Saito [18]. Consider the 
miniversal deformation 

f T (x) = f(x) + rVl(z) + ... + T N lP N (x), 

where {"0a} form a weighted-homogeneous basis in the local algebra H, and ipN = 1- 
The tangent spaces T T T to the parameter space T ~ C N are canonically identified 
with the algebras of functions on the critical schemes crit(f T ): d T a i— > df T /dT a 
mod (df T /dx). The multiplication • on the tangent spaces is Frobenius with respect 
to the following residue metric: 

J J J dX! dx 2 dx 3 

The residue metric is known to be flat and together with the Frobenius multiplica- 
tion, the unit vectors 8 t n and the Euler vector field 

N 

E:=J2 ( de g^) Ta dr°, degr a = 1 - (m„ - l)/h, 

a=l 

forms a conformal Frobenius structure on T (see [6]). 

On the other hand, the condition (*) involves only the symplectic structure ft 
on H and the operator of multiplication by z and thus admits the following twisted 
loop group of symmetries: 

L^GL(H) = {M e End(H) ((1/z)) | M(-z)*M(z) = 1}. 

According to a result from [12], when the Frobenius structure associated to the 
cone C is semisimple, one can identify C with the Cartesian product Ca x x ... x Ca 1 
of N = dim H copies of the cone La x defined by the genus descendent potential 
= lim^o ^ hi T>a 1 ■ The identification is provided by a certain transformation 
M T from (a completed version of) L^GL(H) whose construction depends on the 
choice of a semisimple point r. 

A number of results in Gromov - Witten theory suggests that the higher genus 
theory inherits the symmetry group L^GL(H) (see [9, 12]). This motivates the 
following construction of the total descendent potential of a semisimple Frobenius 
manifold. 

Adopt the following rules of quantization * of quadratic hamiltonians. Let 
{...,p a , qi,, ...} be a Darboux coordinate system on the symplectic space (H,£l) 
compatible with the polarization H = H+ ® H- . Then 

{QaQbT = QaQb/fi, (QaPbT = q a d/dq b , (p a Pb)' = hd 2 /dq a dq b . 

This gives a projective representation of the Lie algebra L^gl(H) in the Fock space. 
The central extension is due to 



[F,G] = {F,GY + C(F,G) 
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where C is the cocycle satisfying 

, . f 1 if a ^ P, 

C{p aP p,q a q fj ) = j 2 if a = /3 

and equal for any other pair of quadratic Darboux monomials. 

Introduce the total descendent potential as an asymptotical function: 

V:=C(t) M T [D Al (g>...(g>V Al ], 

where M := cxp(lnM)", and C(t) is a normalizing constant possibly needed to 
keep the R.H.S. independent of the choice of a semisimple point r. This definition 
has been tested in [9, 10] and is known to agree with the TRR, SE, DE and the 
Virasoro constraints. Here is a more explicit description of M T and C(r) in the 
form applicable to Frobenius manifolds of simple singularities. 
Consider the complex oscillating integral 

J<s(t) = (-2ttz)- 3 / 2 / e iAx)/z u. 

J 23 

Here 25 is a non-compact cycle from the relative homology group 
lim H m (C m , {x : Re(f T /z) < -C}) ~ Z N . 

C^oo 

We will use the notation d\, On for partial derivative with respect to a flat (and 
weighted - homogeneous) coordinate system (t 1 ,...,^) of the residue metric. We 
treat the derivatives zd a J^ as components of a covector field zJ2®aJ<Bdt a <G T*T 
which can be identified with a vector field via the residue metric and — via its 
Levi-Civita connection — with an H- valued function J<b(z,t). According to K. 
Saito's theory these functions satisfy in flat coordinates the differential equations 

(7) Zd a j - {8 a *)J 

together with the homogeneity condition: 

(8) {zd z - p + z- 1 E*)J = 

where p = —p* is the diagonal operator with the eigenvalues 1/2 — m a /h. The 
latter equation yields an isomonodromic family of connection operators V T — d z — 
fi/z + {E»)/ z 2 regular at z = oo and turning into d z — fi/z at r = 0. 

According to [7], there exists a (unique in the ADE-case) gauge transformation 
of the form S T (z) = 1 + 5i(t)z _1 + ^(r)^ -2 + ... (i.e. near z = oo) conjugating 
V T to Vo and such that S*(— z)S T (z) = 1. It satisfies the homogeneity condition 
(zd z + L E )S T = [p,S T }. 

On the other hand, let r be semisimple. Then the functions f T have non- 
degenerate critical points x^(t) with the critical values u a (r) and the Hessians 
A a (r). The local coordinate system {u a } (called canonical) diagonalizes the prod- 
uct • and the residue metric: 

d/du a • d/du b = 5 ab d/du\ (d/du a , d/du b ) T = 6 ab A- 1 d/du b . 

Define an orthonormal coordinate system 

*(r) : C N - T T T = H, ^(q\...,q N ) = ]T q a ^A~ a d/du a , 
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and put TJ T — diag[u 1 (r), ...,u n (t)]. Stationary phase asymptotics of the oscillat- 
ing integrals J<s a ,a = 1, ...,N, near the corresponding critical points yield a 
fundamental solutions to the system (7), (8) in the form 

y(T)R T (z)e u - /z , R t = 1 + R 1 (t)z + R 2 {t)z 2 + ..., R\ (-z)R t (z) = 1. 

The matrix series R T satisfies the homogeneity condition (zd z + Le)R t = and, 
according to [9], an asymptotical solution with this property is unique up to re- 
ordering or reversing the basis vectors in C N . 
Define 

a 

as the local potential of the 1-form R\ a du a /2 (which is known to be closed [6]). 

In the above notations, the total descendent potential of the ADE-singularity 
assumes the form 

(9) V = e c ^ S- 1 *(r) R T D®f. 

The R.H.S. is known to be independent of r (see [9]) and defines V (up to a 
constant factor) as an asymptotical function of q = qo + qiz + <\2Z 2 + ... in the 
formal neighborhood of q = r — z with semisimple r. 
Our main result is the following theorem. 

Theorem 1. The total descendent potential (9) of a simple singularity satisfies 
the corresponding Hirota quadratic equation (1-5). 

In Section 4, we discuss Hirota quadratic equations of the ifdV^-hierarchy. The 
plan for the proof of Theorem 1 is to reduce the Hirota quadratic equations for V 
to those for T>a x by conjugating the vertex operators in (1,2) past the quantized 
symplectic transformations from (9). In Section 5, we describe the results of such 
conjugations by quoting corresponding theorems from [10]. The residue in (1) 
is computed in Section 6 and is compared with (2) in Section 7. The case-by- 
case tables for the coefficients a a are presented in Section 8. A key to all our 
computations is the phase form and its properties discussed in next section. 

3. The phase forms and the root systems. Consider a flat family of cycles 
€ H2i.fr 1 W) m the non-singular Milnor fibers and define the period vector 
tf\\,r)eH by 

(10) (jJ°>(A,T),fl o ):=0 o ^/ " 

2tt Jtcf-^X) df T 

It is a multiple- valued vector function on the complement to the discriminant which 
turns into 1^ (X) from Section 1 at r — 0. 

The phase form W a ,p (defined in [10], Section 7) is given by the formula 

N 

W a ,/j(A,r) :=£(/(°)(A,r)./J ,) (A,r),a T£l ) dr a . 

i=l 

It is a multiple- valued 1-form on the complement to the discriminant and depends 
bilincarly on the cycles a, (3 (to be chosen in (/^(l) and transported to / 1 T 1 (A)). 
According to [10], the phase forms have the following properties. 

(1) dW a , = 0. 
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(2) Ld x -\-d N W a ,f3 — 0, i.e. W is determined by the restriction 

WaAr) :=Wa,/j(0,r), W a ,/j(A, t) = W ai/3 (r - Al). 

(3) L E W Qi/3 = 0. 

(4) Near a generic point of the discriminant A C T the form W a ,p becomes 
single-valued on the double cover and has a pole of order < 1 on T> (since 
Ia^ have a pole of order < 1/2). 

(5) § 5 W a ,/3 = —2ni(a,-f}(0,-f), where 7 is the cycle vanishing over a generic 
point of the discriminant, and <5 7 is a small loop going twice (in the positive 
direction defined by complex orientations) around the discriminant near 
this point. 



Proposition 1. 



2^ < 7 ,*) 



Proof. The phase form W ail g becomes single-valued on the Chevalley cover rep- 
resenting T as the quotient of C w = _ff 2 (/ _1 (l), C) by the monodromy group. The 
properties (1) and (4) show that it has at most logarithmic pole on the mirrors 
(7, x) — 0. The property (5) controls the residues on the mirrors. The difference of 
the L.H.S. and the R.H.S. has to be a holomorphic 1-form, homogeneous of degree 
by to the property (3), and therefore vanishes identically. □ 

Corollary 1. i E W a .p = -(a, 0). 

Indeed, the Euler vector field becomes h~ 1 ^x a d Xa on the Chevalley cover, so 
that the equality follows from *}2 ie A{ct 1 l){0 1 l) — 2h(a,/3). This is one more 
general property of phase forms established in [10]. 

Corollary 2. The phase form Wp of Section 1 coincides with Wp^. 

Remark. The inverse to the Chevalley quotient map is given by the period map 

r 1 ► [w/dfr] G H\f-\Q),C) - ff 2 (/o _1 (l)>C) ^ C". 

The periods 1^ are defined via the differential of the inverse Chevalley map and 
therefore represent parallel translations of the cycles a considered as covectors in 
C^. The value of phase form W a ,p, which is also a covector, is constructed as the 
Frobenius product a • of covectors (defined by the isomorphisms T T T ~ T*T 
based on the residue metric). Thus the formula 



2 ^A ^ 
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defines on (C N )* a family of commutative associative multiplications depending 
on the parameter x. It would be interesting to find a representation-theoretic 
interpretation of this structure defined entirely in terms of the root system A. 

We prove several further properties of phase forms needed in our computations. 

Proposition 2. In the case of AD E- singularities, suppose that has integer 
intersection indices with all a € A and is invariant under the monodromy around 
a discriminant- avoiding loop 7. Then §^ W/3,/3 € 2iti 7L. 

Proof. This is Proposition 1 from Section 7 of [10]. □ 
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It would be interesting to find out if the property remains valid for non-simple 
singularities. 

We will see in Section 7 that the coefficients a a introduced in Section 1 can be 
equivalently defined via the following limits b a . Start with choosing (ti, ...,tjv) = 

1 = (0, 0, —1) in the role of the base point in T and identify A with the set 
of vanishing cycles in i?2(/Zi(0)) = ^(/o" 1 ^))- Let us also fix r e T such that 
f T is a Morse function, and let u will be one of the critical values of f T so that 
t - til G A. We may assume that r — (u + 1)1 ^ A and that the straight segment 
connecting t — (u + 1)1 with t — ul does not intersect A. For each a e A, pick a 
discriminant-avoiding path 7 Q connecting —1 with r — (u + 1)1 and further with 
t — ul along the straight segment and such that a becomes the vanishing cycle 
when transported along j a from 1 to t — ul. Assuming that integration of the 
phase form is performed along this path we put 

{/■T-(u+e)l r-s o (jf ) 

-J W a ,a - J ^ — > 

Proposition 3. The limit exists and does not depend on the choice of the path of 
integration provided that the path terminates at a generic point of the discriminant 
and that the cycle a transported along the path vanishes over this point. 

Proof. We may assume that u = u 1 is the first of the canonical coordinates 
U = (u 1 , u N ), and therefore u 1 — is the local equation of the discriminant 
branch. Since a is vanishing at the end of the path, the period vector 1^ has the 
following expansion (here li stand for the standard basis vectors in C^): 

V-Vfr, r) = ^== (li + (A - u 1 ) £ a*(U)l t + o(A - u 1 )) . 

Since ^(lj) = ^^Aid/du" 1 , we have (lj • lj,d/du k ) = SijSik, and therefore 

W a , a = Y^il^ .lW,d/du k )du k | A=Q =^+4o 1 (I7)d«i+0(-ui). 

We see that the integral J^Z^Wa.a diverges the same way as — J_ 1 2dt/t so 
that the difference converges. This proves the existence of the limit. Removing 
this singular term we find that the integral J[4 : ai(U)du 1 + 0(— u\)] vanishes along 
any path inside the discriminant branch u\ = 0. This shows that the limit b a 
is locally constant as a function of the path's endpoint on the discriminant, and 
therefore — globally constant due to the irrcducibility of the discriminant. Finally, 
precomposing a path with a discriminant-avoiding loop 7 with trivial monodromy 
of the cycle a does not change b a thanks to Proposition 2. □ 

Corollary. a a /ap = b a /bp for all a, [3 £ A. 

Proposition 4. Let S e be a small loop of radius e around the discriminant near 
a generic point r — ul, and let (a, (3) — ±1, where (3 is the cycle vanishing at this 
point. Then lim £ ^ §5 Wa,a — —ni- 

Proof. We have a = ±/3/2 + a' where a' is invariant under the monodromy 
around 5 e . Expanding ffl = if) ± I^L near A = u as in the proof of Proposition 
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3 we find 



du 



f <t> 0(y/u) du 



In fact this property has been already used in [10]. 



□ 



4. Two forms of the KdV- hierarchy. Consider the miniversal deformation of 



the A\ -singularity in the form f u (x) := (xf 



x^)/2 + u. The vanishing cycle 



a can be identified with the real sphere [x\ + x\ + x\) = 2(A — u). The period 
dxi A dx2 A dx% d 4 



L 



-tt(2(A - u)f/ 2 = 4^ v /2(A-w). 



df u d\ 3 

Since (1, 1) = Resdxi A dx 2 A dx 3 /xix 2 x 3 = 1, we have J« ^(A,w) = 2^/2(A — it), 
and more generally, I±l(X, u) = ±2(d/dX) k (2(\ - m))" 1/2 , k £ Z. The Coxeter 
transformation swaps a and —a and so a a = a_ Q = (/i + \)/12h 2 = 1/16. The 
equation (1,2) in this example assumes the form 



(12) 

where 
(13) 



dX 

Kes A=0 o — 



Ai r ±Q (A)® Ai r^"(A) 

. ± 



($®$) = 16 (/ + -) ($0$), 



Z 



x ^ 2k 
^ I 

fe>0 



: (<? fe 1-10%) (9, fc 1 - 1 d qk ). 



Here we use the notation Al T^(X) to single out the vertex operators T^(X) of the 
Ai-singularity. In order to identify the condition (12) for $ with the KdV hierarchy 
in [14, 15] corresponding to the root system Ai, we denote \J~2X by £, rescale the 
variables by q k = (2k + l)!!t 2 fe+i and put x m = (t' m + C)A Vm = (C - C)/ 2 
where m = 1,3, 5, .... In this notation I = J2 m ymd yrn , and (12,13) becomes 



$(x + y) *(x-y) = 0. 



This coincides with the equation (14.13.1) in [14] characterizing tau-functions <E> of 
the KdV hierarchy. 

Another form of the Hirota quadratic equation for $ is based on the representa- 
tion of the KdV-hierarchy as the mod 2-reduction of the KP-hierarchy (see [14], 
Section 14.11). It can be rephrased (see [10]) as the condition 



(14) 



j2 ^r ±Q / 2 (A)0 Ai r^/ 2 (A) 



dX 

±Vx 



($ $) has no pole in X. 



Indeed, in the previous notations this can be rewritten as the property 

" ^ d y™ <|>( x -|- y)$( x - y) contains no (~ m for odd m > 0. 



This coincides with the mod 2-reduction of the KP-hierarchy of the Hirota equa- 
tion (14.11.5) in [14]. According to a result from [14], Section 14.13, this condition 
is actually equivalent to (12). 

In Section 6 we will use the fact that (according to Kontsevich's theorem) the 
function $ = T>Ax satisfies both forms (12) and (14) of the KdV-hierarchy. 
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5. Symplectic transformations of vertex operators. Generalizing the con- 
struction of Section 1, introduce the vertex operator Tf(X) corresponding to the 
vector f G H[[z, z^ 1 ]] of the form 

f*(A) :=]T/i fc) (A,T)(-z)*. 

Here if is the period vector introduced in Section 3, and if := d k lf /dX k as 

before. For k < the integration constants are taken "equal 0" so that if satisfy 
the homogeneity conditions: 

(Xd x + Lie) if (A, T ) = {n-\- k) if (A, r) . 

In particular Tq coincides with the vertex operator from Section 1. We state 
below several results about behavior of the vertex operators under conjugation by 
some symplectic transformations and refer to Sections 5,6, 7 of [10] for the proofs. 

Theorem A (see Proposition 2 in [10]). 

s T rt(\)s^ = cxp|i^ A1 w^| rf(A) 

We have to stress here that in order to compare the vertex operators Tq(A) 
and T^(A) one needs to transport the cycle </> from f$ (X) to f~ 1 (X) along a path 
in T connecting — Al = (0, A) with t — Al = (ti,...,t/v — A) and avoiding 
the discriminant A corresponding to singular levels /-^O). It is assumed in the 
formulation of the theorem that the integral of the phase form is taken along this 
very path. Similar conventions apply to other formulas of this and following sections 
involving integration of phase forms. 

Now let the cycle <f> e H 2 {f~ 1 (X) be written as the sum = {<f),j3)j3/2 + 4>' 
where (</>',/?) =0. Here (3 is the cycle vanishing at a non-degenerate critical point 
of the function f T with the critical value u and transported to / 7 T 1 (A) along a 
discriminant-avoiding path connecting t — Al and r — ul. 

Theorem B (sec Proposition 4 in [10]). 

r* W = exp{iM£-J' W „,} Tf W T^' W 

The integral here is taken along the path terminating on the discriminant where 
the phase form is singular. However the singularity is proportional to (A — u) -1 / 2 
and is therefore integrable. 

Let us recall that the columns of the matrix R T in the asymptotical expan- 
sion ^/(t)R t (z) exp(U/z) correspond to non-degenerate critical points of the Morse 
function f T with the critical values u 1 {t). Let /3, be the cycle vanishing over u % . 

Theorem C (sec Proposition 3 in [10]). 

(*(r)i? T ) _1 Tf'(A) (*(t)R t ) = e c2w '/ 2 [■ ■ ■ 1 ® ( Al T c J(X))^ ® 1 ■ ■ ■], 

where 

rr-u'i / 2 dt N 



pT — U 1 / 
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and Al T^(X) is the vertex operator of the A\- singularity with the miniversal de- 

2 2 2 

formation ^ + ~f + if + u corresponding to the c-multiple of the vanishing cycle. 
The behavior of 1^} near A — u L is described by the asymptotics 

where li is the z-th basis vector in C^, and the dots mean higher order powers of 
A — u l . Respectively, the vertex operator of the Ai-singularity is more explicitly 
defined by the series f <G C[[z, z -1 ]] of the form 

where the branch of the square root should be the same as in the above asymptotics. 
The subscript (i) indicates the position of the vertex operator in the tensor product 
operator acting on the Fock space of functions of (q^ 1 -*, ...,q^ N ^) = \I/ _1 (T)q. The 
integrand in the formula for Wi considered as a 1-form in the space with coordinates 
(t 1 , t N ) identical to parameters of the miniversal deformation, while the notation 
r = (t 1 , ...,t n ) is reserved for expressing the limits of integration. The phase form 
W has a non-integrable singularity at t = r — u l l which happens to cancel out with 
that of the subtracted term so that the difference is integrable. 

Finally, the following result is the special case of Theorem A corresponding to 
the A i- singularity. 

Theorem D (see Proposition 3 in [10]). 

e -(-/.r A ir ^ (A)e („/, r = exp |_^ jT A ^H*| ^rf(x) 

In fact this result can be obtained more directly using Taylor's formula. Indeed, 
for any analytic function we have 



e -u/z 



]T/«(AX-z) fe 



Lfcez 



e u/z =J2l {k) (X + u)(-z) k 



kez 



provided that \u\ does not exceed the convergence radius of at A. Thus the 
transformation in the theorem effectively consists in the translation \/\ — u ^> \/A 
along an origin-avoiding path. The integral in the exponent should be taken along 
this path. 



6. The residue sum. In this section, we compute the residue sum 
(15) 



dX 

KesA=oo — 



]T& Q r«(A)®r -«(A) 

_u£A 



assuming that the coefficients b a are defined as in Proposition 3. 
Introduce the total ancestor potential 

At := S T V = e c M *(t) R t Dff. 
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Applying Theorem A of the previous section we find that (15) can be rewritten as 



(16) ResA =00 XdX 

where 



]T Ca r«(A)®r-«(A) 



.a£A 



A®2 



f r - (u+e) \ A , r e 2dt 

C a = lim CXp < — / Yv a ,a 



{ Jr-Xl J-l t J 

assuming that a G H2(f~ (A)) vanishes at A = it when transported along the path 
of integration of the phase form. Note that the factor X~ x dX in (15) is replaced by 
XdX in (16) due to Corollary 1 from Section 3 which shows that 

exp | - [ W a . a 1 = exp | (a, a) j y 1 = A 2 . 



The ancestor potential A T = expj^h^ 9 ^Tr 9 ^ is a tame asymptotical function 
in the following sense: considered as a formal function of i£ = qJJ + <5 fel (5 aA r 

satisfy 

f)r fris) 

|t=o = whenever ki + ... + k r > 3g — 3 + r. 



This follows from the analogous property of D® 1 ^, from the invariance of T>a 1 
under the string flow exp(u/z)* and from the "upper-triangular" property of R T . 
We refer to Proposition 5 in [10] for the proof. It is also shown in Section 8 
of [10] that for tame asymptotical functions $ the vertex operator expressions 
T^(A) ® r~^(A) <&® 2 can be considered not only as series expansions in fractional 
powers of A near A = oo, but also as multiple- valued analytical functions defined 
over the entire range of A and ramified only on the discriminant. Moreover, the 
sum in (16) is manifestly invariant under the entire monodromy group (= the ADE- 
reflection group). Therefore the sum is actually a single- valued differential 1-form 
on the complement to V. Thus the residue (16) at A = oo coincides with the sum 
of residues at the critical values A = itj of the function f T . Our next goal is to take 
u = Ui and compute the residue. 

In a neighborhood of A = u, the monodromy group reduces to Z2 generated 
by the reflection a in the hyperplane orthogonal to two vanishing cycles which we 
denote ±/3. 

First, consider the summand in (16) corresponding to a cr-invariant cycle a€i. 
The period vectors 1^ (A, t) are therefore single- valued analytic functions near 
A = u. In particular, lnc Q , which differs from a constant by f^_,* + ^ W a , a , is 
analytic too. We conclude that A c a T"(A) (g> r^"(A) A® 2 has no pole at A = u. 



Next, consider a pair of cycles a± € A transposed by a and having intersection 
indices ±1 with [3. We have a± = a' ±(3/2 where aa' = a' . We use Theorem B to 
replace T"* with T" Tr 13 ^ 2 and then commute r^^ 2 across ^Rexp{U ' j ' z)" using 
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Theorems C and D. The terms from (16) corresponding to a = a± turn into 



(17) 



a dx [r?'(A)®r- Q '(A)j (*(t)R t 



...1 



5> 



(0 



,±0/2 



(A) 



(A) 



1... 



*(r)i? r e(^/ z ^) 



The coefBcients d± here are 



d+ = lim cxp 



T-(u+s)l 



-XI 



a± 7 a± 



2dt 



± 



-XI 



(18) 



,T-( U +e)l ,- e ^ 

/ W /3/2,/3/2 + / ^7 - / 7T f 

Jt-X1 Ju-X Zl Ju-X Ll 



We have to emphasize that all integrals here except the first one are taken along 
a short path near A = u making (3 vanish while in the first integral this path is 
precomposed with a loop transforming a± to j3. 

Let us take A = u + 1 for the base point for such a loop 7± and rearrange the 
first integral as 

-(u+s)l /-T-Al 



7± 



T-(u + l)l 



Combining this with W a± , a ± = VV 
exponent in (18) as 

(19) - / W Q± , a± - / Wp,p- / — ± / 

J 7± Jr-(tt+l)l J-l 1 Jt- 



-(u+l)l 

± Wa',/3 + W/3/2,/3/2 we can rewrite the 



-(«+£)! 



(u+l)l 



(20) 
(21) 



-Al 



(«+l)l 



Jt—(u 



(u+e)l 



(u+l)l 

dt 

2t ~ 



(3/2,(3/2 
X dt_ 

2t 



a',0 
- £ dt 

1 2t 
A dt 
A 2t" 



The integrals in (21) add up to — f_ 1 dt/2t and contribute A : / 2 to the coefficients 
d±. The sum in (20) is a function of A analytic near A = u (since a' is cr-invariant) 
and is the same for both cycles a±. The values of (19) may depend on the cycle 
a± but are independent of A. We claim that in the limit e — > the difference is an 
odd multiple of ni. Indeed, transporting a_ along the composition 7-7+ 1 yields 



a+. On the other hand 2W a / i( g = W a+ , a+ - W a 
two values of (19) can be interpreted as /W Q _ 
terminating at r — (u + e)l and transporting a_ 
small loop 5 £ of radius e around A = u. Since a. 



Thus the difference of the 
3 _ along a loop 7 e starting and 
to a+. Let us compose it with a 
transports along this loop back 



to a-, the composite integral f s W a _,a_ <= 27riZ due to Proposition 2 and does 
not depend on s. Our claim follows therefore from Proposition 4. 

We conclude that d± — ±d (A)A -1 / 2 where d a is a non- vanishing analytic func- 
tion near A = u. Now we use the fact that T>a 1 is a tau-function of the KdV- 
hierarchy (14) to conclude that the factor in (17) of the form 

dX 



VA 



-i±0/2 



(A) <g> 



^T/3/2 



(A) (D^®D^) 
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is everywhere analytic in A. The same remains true after application of the operator 
{^>Re( u / z ^ )® 2 . The vertex operator T" ® T~ a is analytic near A = u since a 1 is 
cr-invariant. Thus (17) has no pole at A = u and contributes to the residue sum. 



Finally, consider the summands in (15) with a = ±/3. Applying Theorems C 
and D, we transform the corresponding summands from (16) to the form 




The contribution of these terms to the residue sum (16) at A = u l can be calculated 
using the form (12) of the KdV-hicrarchy for T>a x an d is equal to 



16 {^Re (u/z) ~) m (2?f f)® 2 , where = (...1 ® I <g> 1...). 

In order to justify this conclusion, recall from the end of Section 5 that conjugation 
by ex-p(u l /z) act as translation A — u 1 i— > A. Also, since T>a x is tame, the vertex 
operator expression in (12) yields a meromorphic 1-form in A with a singularity 
only at A = 0. Thus the residue in (12) at A = oo is the same as at A = 0. 
Let us summarize our computation. 

Proposition 5. The residue sum (15) is equal to 
(22) 16 ^S-^Re^yy 2 (V®»f\ 



7. The Virasoro operator. Functions of the form $ ® $ belong to a Fock space 
which is the quantization of the symplectic space H © Ti., the direct sum of two 
copies of (H, f2). Respectively the operator 

(23) ^^(^ + fc)( ^ l-l ,« ) (-?- l-l ^- ) 

k>0 a n ° q k 0( ik 

in (2) is the quantization of a certain quadratic hamiltonian £l(Df , f)/2 on Ti. © H. 
Let us describe the infinitesimal symplectic transformation D explicitly. 

Introduce the Virasoro operator l ■— zd z + 1/2 — ^u. 4 Since [i* = —[m, the 
operator l : H — > H is anti-symmetric with respect to Q, and the corresponding 
quadratic hamiltonian reads 

^ Lhi(-z)Az)) dz = Y,{{k+\-n)f k , (-l) fe /-i-fe) = - E J2(^+ k )lkP a k- 

J k>0 fc>0a=l 

Comparing this with (23) we conclude that 

— Iq 



(24) D = 



E End(H © H). 



4 The name comes from the property of the operators l m := IqzIqz...zIq, (z repeated m 
times, m = —1, 0, 1, 2, ...) to form a Lie algebra isomorphic to the algebra of formal vector fields 
x m+1 d/dx on the line and participating in the formulation of the Virasoro constraints (see [9, 12]). 
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The expression (2) on the R.H.S. of the Hirota equation is proportional to 

BV® 2 = M® 2 (M® 2 ) _1 .D(M® 2 )(£>^)® 2 , 

where M = e c( - T ~> 5 , 7 1 *(r)^ r e (t/T/z) " . Note that M® 2 is the quantization of a block- 
diagonal operator 



B := 



M 
M 



and B'^DB 



-M~H M M~H M 

m~HqM -m~HqM 



Proposition 6. M~H M = Y^=ii Al k) {i) ■ 
Proof. We have 

S(zd z + 1 - ^S- 1 = z d z + l --^+—, 
l A z 

since (zd z + Le)S = — Sfi and d a S = z~ 1 d a • S. Next, in the canonical 
coordinates E = ^u l d/du % , and therefore 

V~\zd z + \ -fj,+ — )* = zd z + 1 ' 



V 



where V := * V* = * 1 ■£<£;*• 



Furthermore, the differential equations d a (^Re u ^ z ) = z 1 (d a »){ i $>Re u / z ) translate 
into (d+*- 1 d*) J R = z-^dU R-R dU). This implies (L E + V)R = z~ l {UR-RU), 
which together with the homogeneity condition (zd z + Le)R = shows that 



R-\zd z + \ - V + -)R = zd z + I + -. 

2 z 2 z 



Finally 



-U/z 



(zd z + \ + -)e u l z = zd z + 1 



2 z ' 2 
Proposition 7. M~H M = (M- 1 l M)"+ tr ^*/ 4 - 



□ 



Proof. The quadratic hamiltonians for z<9 z + 1/2, /i, V, In 5, (E»)/z, U / z contain 
no p 2 -terms, and the quadratic hamiltonians for zd z + 1/2, n, V, lni? contain no q 2 - 
terms. Therefore, in the quantized version of the previous computation, the only 
point where the cocycle C makes a non-trivial contribution is: 



RT 1 (-Y R={R- 1 -RY + C. 

z z 



Let A — In R, B — U j z. Then the quadratic hamiltonian of BA — AB contains no 
g 2 -terms (since R\ z =o = !)• We have therefore 



~ tA Be tA = e- tA (BA- AB)e 



dt 



I A 



-LA 



(BA-AB)' e + C(B, A) 



\e- tA (BA - AB)e tA ] ' + C(B, A) = — \e~ tA Be tA ] - + C(B, A). 

at 



Integrating in t from to 1 we find C = C(B, A). Since A — R\z + o(z), we compute 
explicitly C = tv{BA)/2 = £\ Rf u l /2. 

This expression, which seems to be a function of r, has to be a constant, and 
the value of this constant is well-known to be tr/x/x*/4 (see for instance the last 
chapter in [13]). For the sake of completeness we include the computation. Namely, 
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comparing the z - and z -terms in the equation (Le + V)R = z~ 1 (UR — RU) we 
find = (u l — u^R^ and respectively 



-tr^i*, 

since V = and V 1 = n 

Remark. Slightly generalizing Propositions 6 and 7 one obtains the following 
transformation formula (see Theorem 8.1 in [9]) M~ 1 l m M = J2i Al lm f° r the 
Virasoro operators with m ^ 0. Since (l m — S m fi/16)T>A 1 = 0, this implies that 
T> = MV® 1 ^ satisfies the Virasoro constraints [l m — 8 m .o tr(/z/z*/4 + 1/16)]X> = 0. 
In fact this is Corollary 8.2 in [9] specialized to Frobenius structures of weighted- 
homogeneous singularities. 

Note that the conjugation Iq M~HqM of the o/f-diagonal blocks in the matrix 
D yields after quantization M IqM = (M _1 ZoM)' (since the cocycle C vanishes 
on pairs of quadratic hamiltonians corresponding to block-diagonal and block-off- 
diagonal operators.) Thus B~ 1 1DB = — tryU,u*/2. Taking into account that 

N(h + 1) s-^ m a (h - m a ) 1^,1 u l > 1,1 

a a 

we conclude that the R.H.S. of the Hirota equation (1,2) can be written as 

i 

Comparing this with Proposition 5 we arrive at the following result. 

Proposition 8. The function V satisfies the Hirota quadratic equation (1,2) 
with a a = b a /16. 

Since D^O, the Hirota equation is thus rendered consistent, and the following 
corollary completes the proof of Theorem 1 . 

Corollary. The average value 

^ _ 4(fe+l) 
Nh 2^ °<* ~ 3h 2 ■ 

Note that in the proof of Theorem 1 we use neither the Virasoro constraints 
for T>a 1 nor the fact that the N factors in 2?®^ are the same. The only relevant 
conditions for T>a 1 were both forms of the ifdl^-hierarchy and the tame property 
of exp(u/z)~DA 1 - Thus we have actually proved the following generalization of 
Theorem 1. 

Theorem 2. Suppose that tame asymptotical functions 3>i, 3>jv o-re tau- 
functions of the KdV-hierarchy and remain tame under the string flow $i i— ► 
exp(u/zy<&i for all u. Then 

$ := e c(r) S- 1 *(t) R T e {u ^ z) ' ($ x ® ... ® $ N ) 



Rf = -L E Rf = j>< »'i/^r = E -r—r 



Thus we have 
1 
2 



l v x ^ u : \ ,J \' J ' _ x . u*v« 



2{u l - ui) 4 



- ^ V ij V ji 
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satisfies the corresponding Hirota quadratic equation (1 -5). 

Remark. Although the condition for <J?j to remain tame under the string flow 
is quite restrictive, T>a 1 is not the only tau-function satisfying it. A large class of 
examples consists of the shifts T>a 1 (q + a) where a(z) = ao + a\z + a^z 2 + ... is a 
series with coefficients a k which are arbitrary series in h such that ao and a\ are 
smaller than f in the fi.-adic norm and a k — > in this norm as k — > oo. 

8. The Kac — Wakimoto hierarchies. Let us compare the ADE- hierarchies (1- 
5) with the principal hierarchies of the types A^\ D^\e^ described in Theorem 
1.1 in [15]. The corresponding Hirota equation (1.14) in [15] has the form 

N 

^ i=i 

(25) = 2fe^ m y m +( ft p)U(x + y)$(x-y). 

\ rn£E+ J 

Here p is the sum of the fundamental weights of the root system A, and the value 
(p, p) = Nh(h+1) /12 can be found for instance from the tables in [5] . The index set 
E + = {m a + kh\a = 1, N, k = 0, 1, 2, ...}, and m denote the remainder modulo 
h. The vertex operators in the sum correspond to a set of roots on,i — 1,...,N, 
chosen one from each orbit of some Coxeter element M on the root system A. 
The coefficients f3^m are coordinates of cti with respect to a basis of eigenvectors 
Hjn of the Coxeter transformation M with the eigenvalues exp(27rV— lm/h). The 
coefficients gt are defined via representation theory of affine Lie algebras. The 
numerical values of gi are computed in [15] in the cases An, D 4 and -E^- 

In order to identify the vertex operators in (25) with those in (1,2) let us start 
with taking ( — (hX) 1 ^. Then the components of the period vector J„~ ^ with 
respect to a suitable basis [ip a ] G H will have the form 

(26) (/i; 1} (A), m) = fr— a m- 1 {h\) m «' h 

since the weighted - homogeneous forms ip a oj/df represent a basis of eigenvectors 
for the classical monodromy operator in i? 2 (/ _1 (l), C). Then it is straightforward 
to check that the relation 

k 

(27) ql = \\{m a + rh) t ma+kh 

r=0 

(together with the standard change x + y = t', x — y = t" as in Section 4) identifies 
the vertex operators in (25) with T ai <g> L~ tti . Note that replacing at with any of 
the h roots from the same M-orbit does not change the corresponding residue in 
(25) since the new vertex operator would differ from the old one only by the choice 
of the branch of C = (hX) 1 ^. Thus we arrive at the following conclusion. 

Proposition 9. The choice of the basis {[ip a ] G H} such that (26) holds true 
and the change of variables (27) identify the Hirota equation (1-5) with the corre- 
sponding hierarchy of the form (25) provided that g% — h 3 a ai — h 3 b ai /16. 
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Let us now compute the coefficients b a . First, rewrite the definition (11) as 

-%\a < e Vfc«, 7 )^i M 4 (7 11 =1 <«,7>' 

where e^/ h K, y(e) and a; are inverse images under the Chevalley map of —el, r — 
(u + e)l and r — ul respectively, x is a generic point on the mirror (a, x) = and 
d is determined from the expansion y(e) = x + e x / 2 v + o(e 1 / 2 ). We will use this 
formula in the case of A and D series. 

Case Am- The root system consists of the vectors 7^ := — ej in the space 
C w+1 with the standard orthonormal basis eo,...,ejv and coordinates zq, Zn- 
Take 

Z N+1 1 -^r 

r) = ivTT + <lzW_1 + - + tN = NTi 11^ - *)■ 

i=0 

Let a = e a — efc and let t = t — ul be a generic point on the discriminant. Then the 
components y,(e) = x i + e 1//2 i; i + ew i + o(e) (where x a = Xb) satisfy F(yi, t — el) = 
and therefore 

v 2 

e = F( Xi , t) + F'( Xi , t)e 1/2 y t + F'{x u t)ew t + F"(x,,t)e^- + o(e). 

We have F(xi,t) = for all i and F'(xi, t) = for i = a, b. This implies that Vi — 
±y/2/F"(x a ,t) for i = a,b and hence (a,v) = ±2y/2/F"(x a ,t). Thus {a,v) 4 = 
64/F"(x a ,i) 2 . On the other hand, 

n <*■-?> = n = ( (JV+1) f M ) 2 . 

< 7 ,a) = l i^a,6 ^ ' 

The eigenvector k = (N+iy^ N+1 \l, rj, rj 2 , ry w_1 ) of the Coxeter transformation 
(z , zn) *— » (21, zjv, z ) with the eigenvalue 77 = exp27ri/(iV+ 1) is a preimagc 
of i = —1 under the Chevalley map. We find 5 

( K ,a) 4 J] ( K , 1 ) = (N + l) 2 (r 1 a - V b ) 2 l[( V a -r 1 3)l[W- V b ) = 

(q,7>=1 j^a i^b 

(-1) N (N + l) 4 (T] a - rff^ia+b) = (_!)JV-1(JV + !)4( 2 _ ,,<»-& _ v b-ay 

Collecting the results we find 

, J6 1 

a {N + l) 2 (2 - r/ a - b - 7] b - a ) ■ 

This agrees with Theorem 1.2 in [15] where gi = (N + l)/(2 — 77* — corresponds 
to <Xi = e — e,. In particular 

A^ + lA . _ 2 , Trfc . iV(iV + l)(7V + 2) 
> <?fc = > sin 2 ( ) = — — -. 

fe=i 

The middle expression is a special case of Dedekind sums, and the second equality, 
which follows from our results, is well known in number theory (see i.g. [4]). 



5 We use here the facts that the product flfc^a^ ~ e 2 ' Klk / Ti ) over all n-th roots of unity except 
f = e 2i"a/n is e q Ua j to the derivative of 2™ — l at 2 = £, i.e. to n/C- 
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Case Dm- The root system consists of the vectors ±ei±ej , i 7^ j, where ei, ...en 
is the standard orthonormal basis and (zi, zn) are the corresponding coordinates 
in C N . The parameters (ti, ...,iiv) in the following family of polynomials 

JV 

F(z, t) = z 2N + t 2 z 2N - 2 + t 3 z 2N ~ 4 + ... + t N z 2 + t 2 = ]J(z 2 - z 2 ) 

i=l 

are identified with coordinates on the Chevalley quotient C N /W. Note that the 
invariant of degree h — 2TV — 2 is the coefficient at z 2 . Let us assume that 
x is a generic point on the mirror z a ± Zb orthogonal to the root a = e a =F e&, 
and that t is the corresponding point on the discriminant, so that x a = ±Xb and 
F(±x a ,t) — F'(±x a ,t) = 0. Taking yi(e) = Xi + e 1 ^ 2 Vi + ewi + o(e) and expanding 
F{y{e),ti, ...,tN — 1, tiy — e) = in e we find 

v 2 

ex 2 = F(xi, t) + F'{ Xi , t){e 1/2 v l + sw t ) + F"{ Xi , i)e-i + o(s). 



Thus v a = y/tofflFt&J), v b = Ty /2xl/F»(x a ,t) and (a,«) 4 = 64x 4 JF"(x a , t) 2 . 
Furthermore, 

F"( Z , t )\ z = Xa = [2 e ri(- 2 - + ^ e n ^ 2 - *?)]•=». - 8x " u& - - 2 )- 

Using this we find 

n <*,«)= n (^-^) n(Ti)(^-^)=(±i) jv - 2 jF// ^ )2 . 

<a,7>=l j#a,b i^a,b a 

Next, the eigenvector k = (l,rj, ...,rj N ~ 2 ,0) of the Coxeter transformation 

(zi,...,Z N ) 1 ► (z 2 , ...,2jV-l,-2l,Zjv) 

with the eigenvalue 77 = exp7rz/ (TV — 1) is mapped to (ti, fjv) = (0, 0, 1) under 
the Chevalley map. Assuming first that a = e a =p e& with a, 6 < TV wc find 

( K ,«) 4 J] <K,7> = fa°T»? 6 )V) 2 (T»? 6 ) 2 1] (V 2a -V 2l )(±l)(v 2b -V 2l ) = 

(a,7)=l i^a,b,N 

-(±1) N - 2 (N - 1) 2 ^° T7? ^ 2 = (iD^-^AT - i)2 ( 2 T T ?? b ~°) 

Combining with the previous formulas we compute 

1 (2 ± n a - b ± ri b - a ) „ 
(TV - l) 2 (2 =F 77 a_b =F 77 6_a ) 
Now let a = e a =p ejv- Then 

(«,«) 4 n («, 7 )=^ n (r ? 2a -^)(v j )=(-i) w - 2 (iv-i) 

(a,7>=l ijta,N 

and therefore 6 a = 1/(TV — 1). 
Taking the representatives 

ol\ = ejv-i — ei, aw 2 = e N -i - e N - 2 , ajv-i = ew-i — eAr, aw = e N -\ + e N 

in the orbits of the Coxeter transformation on A, we find 

a, = {N : 1)( ^- rf -^\ for i = 1, N-2, and * = ^-^ for i = TV— 1, TV. 
y 2 (2 + r/' + r?- 1 ) ' ' ' y 2 
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The identity = (N — 1) TV (27V — l)/6, which follows from our general theory, 

agrees with the value of the Dedekind sum 6 



N-2 



nk _ (N — 2)(2N — 3) 



y tan 2 ( ^_) 

^ y 2N - 2 ' 

fc=i 

In the case N = 4 the values gt = 1/2, 9/2, 9/2, 9/2 agree with the values of gi 
found in [15], Proposition 1.3(a). 

Cases En. We find gt using the packages LiE and MAPLE to compute the 
ratios via (5) and then apply the normalizing relation (3). In each case En, let 
ai,...,ajv be the simple roots and M be the Coxeter transformation described by 
the following diagrams: 



ai 


a 3 


Qf4 


«5 


a 6 




• — 


• 


— • 


— • 


— • 








• 




M 
















ai 








a 6 


a 7 


• — 


• 


— • 


— • 


— • 


— • 






• 




















ai 


a 3 


a 4 






a 7 a s 


• — 


• 


— • 


— • 


— • 


— • — • 






• 












a 2 









One can check (i.g. using LiE) that all simple roots a\, ...,ajv belong to different 
M-orbits. The following tables represent the values of the corresponding coefficients 
gi while the values of b ai can be obtained from them as in Proposition 9. 

Case Eq. We have b ai = gi/ 108, where 

,9i = g 6 - 16 + 8V3, 53 = .95 = 16 - SV3, gi = 7 + 4\/3, g A = 7 - 4^3. 

This agrees with the values of gi found in [15], Proposition 1.3(6). 

Case E 7 . We have b a% = 2^/729. Put u = cos(tt/9). Then 

27 225 3 147 

gi = — + 36« + 24u 2 , g 2 = — + 36u - 144u 2 , g 3 = -, ,g 4 = — + 12u - 96u 2 , 

9 ,21 9 9 , 

.05 = --72m + 72u 2 , ff6 = -y - 48?i + 72u 2 , .97 = - + 36m + 72u 2 . 



6 It is essentially the same one as in the A-case since sin 2 x — 1 = cot 2 x = tan 2 (7r/2 — x). 
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Case E%. We have b ai — 2^/3375. Let u 



cos(7r/15). Then 




9. Open questions, (a) The formula (9) defines the total descendent potential 
T> as an asymptotical function of q = qo + qiz + ... with semisimple qo- As it 
is shown in [10], Theorem 5, the function T>a n extends to arbitrary values of q 
without singularities. We expect the same for V Dn and V En but leave this issue 
open. 

(b) B. Dubrovin [6] associates to a Frobenius manifold a dispersionless inte- 
grable hierarchy. In particular, the hierarchy (1,2) for asymptotical functions 
$ = cxp(jF(°) /h + J 7 ^ + ...) admits the dispersionless limit as H — ► which is an in- 
finite system of equations for . It is not hard to show that T satisfies the disper- 
sionless hierarchy if and only if the Gaussian distributions $ := ex.p{d^J 7 (q)/2h} 
( where d\T is the quadratic differential of T at x) satisfy the original hierarchy 
(1,2) for all x. An elegant explicit characterization in terms of the semi-infinite 
Grassmannian of those Gaussian distributions which satisfy the hierarchy of the 
type An is given in the appendix to [10]. It would be interesting to generalize the 
characterization to the cases Dn, En- 

(c) Theorem 1 implies that the genus descendent potential F^ 1 = lim^ h In V 
satisfies the corresponding dispersionless hierarchy. The quadratic forms d^F^ (q) 
depend only on N parameters r = r(x) (due to the property (*) of the cone 
C = graph dT^) and have the following explicit description (see Appendix in 



where [S , (z)q(z)] = Sbqo + Siqi + ••• denotes the z°-mode. The corresponding 
Gaussian distributions satisfy therefore the hierarchy (1-5). Taking r = ul so 
that [SVq]o = ^2<lkU k /k\ we conclude that in particular the hierarchy has the 
1-parametric family of Gaussian solutions 



This imposes non-trivial constraints on the coefficients a a in the Hirota equation 
(1). It would be interesting to find out if these constraints are sufficient in order to 
determine the coefficients unambiguously. 

(d) Our computations in Section 8 confirm the Conjecture from Section 1 in 
the cases An,D4,E 6 and leave it open in the cases Dn with TV > 4, E-j and 
Es — mostly because the values of the coefficients gi in the Kac - Wakimoto 
theory remain unknown. A more conceptual approach to the identification of the 
Hirota equations should rely on the definition of the coefficients gi given in [15] in 



[10]): 
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terms of representation theory. Namely, the vertex operators C i r ±ai participate 
in the so called principal construction of the basis representation of the affine Lie 
algebra An,Dn or En, and g; t = CfC^~. Here Cf~ are certain structure constants 
whose values remain generally speaking unknown. Our successful description of 
the products CfC~ via the phase forms suggests that one should look for the 
intrinsic role of the phase forms in representation theory and for a description of 
the individual coefficients Cf' in terms of the phase forms or their generalizations. 

(e) In representation theory, the hierarchies of the ADE-type form only a part 
of a larger list of examples including twisted versions of the affine Lie algebras and 
non-simply laced Dynkin diagrams. It would be interesting to find the correspond- 
ing constructions in singularity theory and, in particular, to associate the Hirota 
equations to the boundary singularities Bn, Cn, F4. 

(f) B. Dubrovin and E. Zhang [8] associate an integrable hierarchy to any 
semisimple Frobenius manifold. In a sense their construction is parallel to the 
definition (9) of the total descendent potential V (see [9]) and in particular yields 
objects defined in the complement to the caustic. In this regard the vertex operator 
description of the hierarchies seems more attractive as it is free of this defect. Of 
course, the ADE-hierarchies (1 - 5) are expected to be equivalent to the hierarchies 
of Dubrovin - Zhang. It would be interesting to confirm this expectation. 

(g) Conjecturally, the total descendent potential V extends analytically across 
the caustic values of qo in the case of K. Saito's (semisimple) Frobenius structure 
corresponding to any isolated singularity. (By the way, this is known to be false for, 
say, boundary singularities or for finite reflection groups other than An, Dn, En-) 
Respectively, one should expect the same for the hierarchies of Dubrovin - Zhang. 
It would be very interesting to give a vertex operator description of the hierarchies 
together with Theorem 1 for arbitrary (or at least weighted - homogeneous) isolated 
singularities of functions. The most obvious difficulty is that the vertex operator 
sum (1) over the set of all vanishing cycles (or even orbits of the classical mon- 
odromy operator on this set) becomes infinite beyond the ADE list. Nevertheless 
we believe that the obstructions can be removed by an appropriate generalization of 
the concepts involved. The first examples to study here would be the unimodal sin- 
gularities Ps, Xg, J10 (sec [1]). Their miniversal deformations are closely related to 
the complex crystallographic reflection groups Eq,E-j,E% (see [17]). Moreover, the 
question can be extrapolated to the complex crystallographic groups An, Dn, and 
the 3-dimensional Frobenius manifold to be called A\ represents the first challenge. 
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